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A great deal of research has been devoted to the problem of the construction of approxi-
mate equations for the description of static dynamic problems of the mechanics of a continu-
ous medium with a periodic structure by making use of averaging. The general principle for
the construction of such approximations and the confirmation of their convergence has been
formulated in [1-7]. The initial problem contains a small parameter characterizing the
period size. The essence of the method lies in the fact that the desired solution is approxi-
mated in the form of the sum of continuous and rapidly oscillating components. A method is
proposed in this paper for the construction of approximate equations for a system which de-
scribes the vibrations of a rod of periodic structure with continuously distributed mass
oscillators [8]. The system of equations can simulate the longitudinal motion of a rod
structural element with masses supporting a functional load attached to it, The problem of
the closeness of the approximate solutions to the exact one is investigated. An estimate of
the convergence is obtained.

Let us consider the problem of longitudinal vibrations of a rod of periodic structure
with continuously distributed mass oscillators

Uy — %(Q(EL_) ugx) = —}m (®) vendo - f in Q, (1

Vett - 02 (Ve — Up) == 0 in {m () >0} < Q,

Ug = Ugy = Vg = Vgp = 0 at t = 0 and ug = 0 at x = 0 and 7. Here uc(t, x) and ve(t, %, w)
are the displacements of the elastic rod and mass oscillators, respectively, m(w) 2> 0 is the
density of the distribution of mass oscillators, w is a parameter (eigenfrequency), ¢ is a
small parameter which characterizes the periodicity of the elastic properties of the rod,
a(s) > ao > 0 is a periodic function with the period unity, ao, is a constant, f(t, x) is the
external load, and Q = (0, Z) x (0, T). It is assumed that a e1L” (E), and E is the period.

If m= 0, then the second equation of the system does not have to be considered, and
all the following discussions will pertain to the mixed problem for the one-dimensional wave
equation.

Let us denote y = x/¢ and consider the problem in ¢.(y) which is periodic in vy,

- d—),,(a ) % (py — y)) =0, {(q,) =0, (2)

where <.> is the average value of a function with the period E. Let us also set q = <a(l —
¢1y)>, and let u and v be the solution of the following problems:

oo

Uy — QUg, = — \ m(w)vy,do + fin Q, 3
9
vy + 0% = 0% in {m (0) >0} xQ,
u=u =v=y =0 for t=0,u=0 for z=0, L

The main result of this paper is a proof of the confirmation of the fact that the solution
of the problem (1) converges under the appropriate conditions to the solution of the problem
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(3) as £ = 0. The nature of the convergence is determined below, and exact statements are
formulated, First, the exigtence of a solutien of the problem (1) will be proven, and then
the question of the construction of approx1nate solutions and their convergence will be dis~

cussed.

Let Hk(ﬂ) be the Sobolev space of the functions which are 1ntegrable in Q with second
order along with their own derivatives out to order k, @ = (0, 1), and]]oub = {o & N'(Q)|¢ =

0, z =0, I}.We will denote as B; the function space with norm |¥[%; = \ln(m)m ¥ (@) |3 do >

i =0, 2, where [-l» is the norm in Hk(Q). In the following the condltlons on m will guaran-
tee nonemptiness of the space B;. Now let us return to the problem (1) and obtain a priori
estimates of the solutlon. Let us multiply the second equation of the system (1) by v in
scalar fashion in L? (2) (we denote a derlvatlve with respect tot w1th a prime)

2 (Jve @ 8 + 0 ve (913 = 20° (ue (1), ve (1)

Taking the relationship (uc(7), ve(t))r = (ul (1), ve (1)) + (ug(r), v{(7)) into account and
using the inequalities of Cauchy and Young, we thence derive

E ’ 3 a
loe (] 4 @2 ve () 13 < cg0? In ue O+ ) (ue @B + Jue (0)1F) dr K (%)

where the constant co depends only on T. The dependence of the function v, on the parameter
w will not be shown here. Now we note that when the second equation of the system (1) is
taken into account one can write the first one in the form

0o

Lette ==ty — A (a (-:—) um) - oty = Ymco?usdw +f, o= j‘ maido. (5)
A b :

0z
0

We will assume for the present that all the norms which arise are finite and integrals over
w are convergent. Let us multiply (5) by ul, evaluate the terms on the right-hand side ac-
cording to the Cauchy inequality, and make use of (4). Then we will arrive at an inequality
of the Gronwall type. Integration of it yields

max {ue )} + fue ) 1)) < ey, (6)
0<tgT

and c,; depends onm, ao, T, and f. If one now multiplies (4) by m and integrates over w from
0. to =, then we will have

max (15 @), + 1 () )< )

o<t<T

LEMMA 1. Let m{(w), m{w)w? €L*(0, =); f &L?(Q). Then there exists a unique solution of
the problem (1), and

o= L=(0, T; HY(Q), uws L*(0, T; LARQ)), vec L0, T; B,), vacs
eL>=(0,T; B,).

Let us choose the basis {wi}(j =1, 2, 3, ...) in the space H;(Q) for the existence
proof, and we will seek Galerkin approximations in the form

n n
Uen (1) = 2 Gin (1) $i, Ven (1) = 21 Pin (£, ©) ¥i.
i=1 i=
The functions qi, and py, satisfy the system of ordlnary differential equatlons
(usm 1[’;‘) + ( ( )um‘w ‘pz*c) + & (@en, §;) = \ mo? (ten, ;) do + (7, ),

(vgm + 0% (Ven, — Uen), b; ) = 0 1<<ign,
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then (0) = ten (0) = Vg (U) = veu (0) = O,

Here (.,.) denotes the scalar product in L2(Q). The estimates (6) and (7) are valid for ugy
and ven, since one can multiply the second Eq. (1) and (5) by v! and uf, respectively, for
the approximate solutions. One can choose the constants c¢; and ¢; to be independent of n .
This will guarantee the solvability of the approximate equations on [0, T]. The question of
the construction of Galerkin approximations in a similar situation has been discussed in de-
tail in [9]. According to the estimates (6) and (7), there exists a sequence ugg, Veg
such that as s - @ Ugg > Ug, Ulg > UL, Veg > Ve, VI > v] *-weakly in L” (0, T; H;(Q)),
(0, T; L*(Q)), L® (0, T; Bo), respectively. The limiting functions u. and v, will satisfy
(5) and the second equation of the system (1) in the sense of integral identities.

By virtue of the linearity of the problem, the uniqueness proof is carried out as usual
for the difference of two possible solutions.

In order to obtain higher differentiability of the solution, it is necessary to impose
additional conditions on the function a(s). As a rule, a(s) is a discontinuous function in
applications, and therefore the requirement a = LY(E) is a natural one. In particular, it
follows from the estimates obtained that the stresses in the rod oo = qucx are bounded in
L2(Q) (a is Young's modulus). Concerning the accelerations ugpt, they are bounded only in
the space 1” (0, T; H™' (), H~*(R), is conjugate to Hg(R). However, for the problem (3),
where q > 0 is a constant, the estimate ugy occurs in more differentiable classes. Notably,

o0
we set |VfF, = \ ma' | () [ido, i =0,2.
0

LEMMA 2. Let 1 /e L%O,T;Hﬁ(gn under the conditions of Lemma 1. Then the inclugions

ve L2, 7, 12 @QNHNQ), wie L7(0,7; Hy(Q),
ve L0, T F),v,e L0, T; F,)

occur for the solution of the problem (3).

Proof. Let us consider the equation for u and v analogous to (5) and multiply it by ugy.
Let us also multiply the second equation of the system (3) by vgy. Taking the equation
(£(t), ugyg(t)) = — (£x(t), ug(t)) into account, we note that these two relationships are
completely analogous to those which were used in the derivation of (6) and (7) and can be
formally derived from them. To do this, one should replace the norm in L?(Q) everywhere by
the norm in H3(R) and so forth. The difference consists of the fact that the differentiahil-
ity in r is now greater by one. We thereby obtain estimates similar to (6) and (7):

mdem%+wmmW<a.ggﬂﬁmﬁwwmmﬁﬁ<@

0T

The constants Ei depend onm, ¢, T, and /. From this uyx =L2?(Q) follows, and therefore we
have the inclusion ury & L2(Q) from an equation of the form (5).

One can study the question of a further increase in the differentiability of the so-
lution in a similar fashion.

Now let us construct an approximate solution of the problem (1) and prove the assertion
about its convergence. We will set

e = U - awy - ey,

w =l 2).wy = u— Py, wy = v — gy, F ey (&)

Ny

A function ¢ » which is periodic in y is determined as the solution of the problem (agy),—=
(a¢1)y. < 9> = 0, which has, just as does (2), a unique solution in the space H*(E) of functions
which are periodic in y; DMXMM]s;cﬂmim(iu«1,2), and c does not depend on e. Now we note

E

the equation
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4= =5 @ (y);?’,)’ Ay == — T(” ) (,—,-,) by (‘" ) m) Ay = —aly) =

Taking this expansion into account, let us substitute u. into (5) and determine u andv
from the equations

o0

Leue = f -+ | moledw + ehy -+ e*hy, vy + @ (0 —u) = 0
(1]

with null initial and boundary conditions. Here

1

hy = auw, + wyy A Aoy - Aoy, by =y - wyyy - Ages.

One should consider the variables x and y in these equations to be independent. Then we ob~-
tain

oo
/ Leee = \ mo?d.do — eh,—e%h,,
0

deyy + @0¥dy — g — ehy) = 0, Ay = w, + ew,

for EE = ug ~— ug and d_ = vp — v. We note in this connection that the initial data for EE
and e, are null, and the boundary conditions agree.
THEOREM, Let the conditions of Lemma 1 be satisfied, and in addition let u & H*Q), and
mo*e LY0, «). Then we obtain
max {ue (1) — e (O i +Jtter (1) — we () o) << et
o<isT

?

€)

172
1/

max ({{ve (1) — v (1) g, + | ver (£) ~ v1 (1) [ny) S ege %

0<igT

The constants c¢s; and c, do not depend upon .

PROOF. Let us denote as /M. the continuation of the function A, from the boundary
{t =0} Uiz =20,1}) into the region Q such that )|X8||3<c5, and cs does not depend upon ¢ for all
e< g . This is possible by virtue of the indicated estimate on |9:| and the existing dif-
ferentiability of the function u. Let us set Ag = A¢ — A.. Then for eg = & + eAg and d¢
we obtain a problem with the homogeneous conditions

Leee = S‘ moidedo — ehy, — 2h, - eLeAe, (10)
h ‘

deyy - ®? (ds — @g — 8;"\3) = 0,

ec = egr = dg = dgy =0 at t =0, and e = 0 at x = 0, . Since a < L*(E), the right-hand
part of the first equation here along with its own first derivative with respect to t belongs
to the space L (0, T; H-YQ)). Consequently, for t e [0, T] we have the estimate [10]

e OF1F e B < e 5 Iy + ey — LeAs[ade + cre bf :f ma? | de |2 dodr. (11)
However, similarly to (4) one can obtain from the first equation of the system (10)
Fdet (1) 21 4 02 de (8) [Fa << o0 (ii ee (t) +ede ()01 + éf (Jee (1) + eAe (1)1 4| eex (1) 4 eAeq (1) 124) dT)- (12)
Therefore we will havefrom this and from (11)
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by virtue of the Gronwall lemma. Similarly, differentiating the first equation of the system
(10) with respect to ¢, one can show

max methHF “eu(ﬁh] ot (13)

o<gt<T

At the game time after multiplication by m and integration over w from 0 to « we obtain from
(12)

DO

max || d; (t) |k, cms,“\Hﬁ2~_\inmguw(m)ﬁ4dm. (14)

0<t<T

ﬁ) produces a mutually single-valued and mutually continuous

v 0 aZ
Since the operator 6$(a(;)aw

mapping between H§(R) and H~*(Q) with the appropriate estimate, we obtain

mex |eg (1) F << eppe
o<t

from (13) and (14) and the first equation of the system (10). The second inequality (9)
follows from this with (13) and a relationship for dg of the kind (4) taken into account.

The theorem is proved. Thus the convergence of the solution of the problem (1) in the
form (9) to the solution of the problem (3) as ¢ > 0 has been established. The possibility
of approximating the solution of the problem of vibrations of a rod of periodic structure by
the problem of vibrations of a uniform rod has thereby been proven. The physical parameter q
of the latter is found with the help of the procedure indicated in the paper. We also note
that an approximate analysis of some problems for Eqs. (3) has been performed in [8]. The
solutions derived in this paper can be used in Eq. (8) to construct approximations g of the
problem (1).
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